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Abstract

We consider a general system of n; semilinear parabolic partial differential
equations and ne ordinary differential equations, with locally Lipschitz contin-
uous nonlinearities. We analyse the well-posedness of this problem, exploiting
the tools of the semigroups theory, and derive other further regularity results
and conditions for the boundedness of the solution.

We define the Galerkin semidiscrete approximation to the system and derive
optimal order error estimates in L? norm, under various assumptions on the
nonlinear terms, on the finite dimensional subspaces in which the approximation
is sought and on the regularity of the exact solution. As a byproduct, we can

also show that the approximate solution is globally defined and bounded.
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1 Semilinear parabolic-ordinary systems

In this work we study a general class of reaction-diffusion problems, described by
systems of weakly coupled semilinear parabolic and ordinary differential equations,
with Neumann boundary conditions and Lipschitz continuous nonlinearities. Examples
of such systems can be found in electrocardiology [1], [2] and have already been studied
analytically by Pao [4].

Let © be a bounded open set in R™, n = 1,2, 3 and let the boundary 92 be C?+,
a € (0,1). Let’s indicate by v = (vi,...,1,)T the outward normal to 9Q. Let’s



consider the following semilinear system of n; parabolic equations and nsy ordinary

differential equations, with nonhomogeneous Neumann boundary conditions

atuz+£zuz :gi(ff,t,ll) n QX]OaT] (Z = 1)
Oyu; = gi(x,t,u) in Ox]0,T]  (i=n1+1,...,n1 +n2) Q)
1
Biui - QZ(xa t) Z,n’ aQX]Ou T] (Z = 1)
ui(z,0) = u;o(x) in 2 (i = ,n1 + no)
where £; and B;, i = 1,...,n, are operators of the form
N9 (0w ~.0 0w )
foim= Y g (g ) + L5 + ol @, o)
Ji:k=1 j=1
_ow N~ 0w

the matrices <a§2> are symmetric and the operators £; are uniformly elliptic in Q;

by), al’ € C(Q), ayk) € C1(Q) and the functions ¢;(x,t) € C+([0,T]; C1**(99)). The

ellipticity of £; implies that the boundary conditions are of non tangential type, i.e.

Z (Z a]kn]> ny #0, Ve o

k=1 7j=1

Let’s consider first the homogeneous case ¢; = 0,71 =1,2,...,n4
The well-posedness of problem (1) can be reduced to the study of an abstract
evolution equation in the space X = C(Q)™*"2, by defining the realization of —L; in

X; = C(Q) with homogeneous first order oblique boundary conditions

D(A;) = {ue [\ W*(Q): Lwe C(Q), Bu=00n0Q}, Au=—Lu.

p=>1

We recall that, for n = 1, D(A;) = {u € C*(Q) : Bjujpo = 0} and that (see [3] for

the general theory), for every i = 1,...,ny, the resolvent set p(A;) and the resolvent
operator R(\, A;) are defined as p(A ) {Ae C: I - A)"' € L(X,)} and
R(X\ Ay) = (M — A, VA € p(A;), where L(X;) is the space of the continuous

linear functionals of the Banach space X;.



Definition 1.1 Let X be a Banach space, with norm || - ||x. A linear operator A :
D(A) ¢ X — X is said to be sectorial if there are constants w € R, 0 €|n/2, 7|,
M > 0 such that

(1) p(A)D Spo={AEC: A#w, |ag\—w)| <6},
(@) RO, Az < pogy YA€ Spo-

Given a sectorial operator A in X, we define the intermediate spaces between X and
D(A) (0 <a<1)as Da(a,00) :=={z € X : t—o(t) = |[t'17Aez||x € L>(0,1)},
endowed with the norm |||/ p,(a,0c) = [|Z]lx + [|v]lz(0,1)- It can be proved [3] that
D(A) C Dy(a,00) C D(A),0 < a < 1.

In the case of (2) and (3), it can be shown that A; is sectorial in X; and that

e G 1
B; , II « ,

where C*(2) is the subspace of C?*(Q) whose functions ¢ satisfy B;p = 0 on 0X2.
To simplify the exposition, we consider the case of a system of the form (1) with
ny = 1 and ny, = 2. The following results can be easily extended to the general case.

Let’s define the operator A in the space X

A 00
D(A)=D(A) xC(Q) xC(Q), A= 0 00 [,
0 00

where 0 represents the null operator. The following theorem can be easily verified

Theorem 1.2 The operator A is sectorial in X and D(A) = X. Moreover
Dy(a,00) = Dy, (a,00) x C(2)2, 0 < v < 1.
Set in (1)
u(t)(x) == u(z,t) = (uy(z,t), us(x, 1), us(z, 1)),
ft,u)(z) = (g1 (2, t,u(2)), g2 (2, 8, u(2)), gs(, ¢, u(2)))",
ug = (u1,0(2), uz,0(), U3,0(I))T-

We get the (semilinear parabolic) abstract evolution equation

Au(t) + f(t,u(t)) t €]0,T]

—N
= =
==
[
g
S
—
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Local existence and uniqueness results for the abstract problem (4) are stated by
the following [3]

Theorem 1.3 Let A: D(A) C X — X be a sectorial operator and f : [0,T]x X — X
be a continuous function locally Lipschitz continuous with respect to u, i.e. VR > 0

dL = L(R) > 0 such that
1) — F(t0)lx < Llu—vllx. Vi€ 0.T] YuveBO.R).,  (5)

where B(0, R) is the ball centred in 0 with ray R in X. Moreover suppose that there
exists a € (0,1) such that for every R >0

[F(t0) = f(s,0)lx <CR)(E—5)%, 0<s<t<T, [Jvflx <R (6)

The following statements hold:

(i) if wo € D(A), then (4) has a unique mazimal classical solution uw €
C(0,T'; X)nC(0,T'; D(A) NnC (0, T'; X), 0 < T" < T

(i) if ug € D(A) and Aug + f(0,u¢) € D(A), then u is a mazimal strict solution
of (4), i.e. u € C([0,T"[; D(A)) N CH([0,T"[; X);

(1i1) if ug € D(A) and Aug + f(0,ug) € Da(a,00) for some a € (0,1), then for
every b < T" we have u', Au € C*([0,b]; X), u' € B([0,b]; Da(c, 00)), where B([a,b];Y)

is the space of the bounded functions: [a,b] — Y.
Among all the possible global existence results, we only recall the following [3]

Theorem 1.4 Suppose there exists C' > 0 such that
lft,w)|lx <COA+|lu|lx), VYuelX, Vtel0,T]. (7)

Let uw: [0,T'[— X be a local solution of (4). Then u is bounded in [0, T'[ with values
in X and therefore it is a global solution of (4).

Now, let us consider again the concrete problem (1). Suppose the functions g;,

1 =1,2,3, are continuous and for 0 < o < 1 satisfy
for every R > 0 there exist some positive constants K; = K;(R) such that

|gi($,t7U)—gi($,S,W)| < Ki(|t_8|a+|u - W|1) fO?“l’ € ﬁa t,s € [OvT]a |u|17 |W|1 < R:

(8)



where [u; = 27 Juyl.

A direct application of the abstract theorems 1.3 and 1.4 to the reaction-diffusion
problem (1), via its abstract formulation (4), yields the following theorems. See [6] for
the details of the proof.

Theorem 1.5 Under condition (8), the following statements hold:

(i) if uig € C(Q), for i = 1,2,3, then (1) with ¢; = 0 has a unique mazimal
classical solution u continuous in Q x [0,T'[, with u differentiable with respect to t in
Ox]0,T'"[ and uy(-,t) € W2P(Q) for everyp>1and 0 <t <T' < T;

(i) if uro € Nz W2P(Q), Biurg = 0, ugp, uso € C(Q) and Liuyg € C(Q), then
u is a maximal strict solution of (1), i.e. (u;)e, Liug € C(2 x [0,T"]), fori=1,2,3;

(ii) if wip € MNpsy WHP(Q), Biurg = 0, ugg,uzp € C(Q) and —Liuyo +
91(-,0,u9) € C*(Q), for some o € (0,1/2), or —Liurp + g1(-,0,u9) € CE(Q), for
some a € (1/2,1), then dyuy belongs to C?*(Qx[0,b]), Ayu; belongs to C%*(Q2x [0, b]),

for every b <T'. In particular, if o > 1/2 then (u1).,+ i continuous fori=1,...,n.

Theorem 1.6 Suppose all the hypothesis of Theorem 1.5 hold. If the nonlinear terms
satisfy

3
IC>0s.t. Y |glz,t,u) <C(A+[uy), VE€[0,T], Vo€ Q, YueR?, (9)

i=1
1 =1,2,3, then the solution u is global.

In the case of nonhomogeneous boundary conditions, the abstract theory can not
be applied directly, since D(A;) is endowed with homogeneous boundary conditions.
Usually, in these cases, it is useful to consider the boundary terms ¢; as traces at
00 x [0,T] of B;Q;, where Q; are sufficiently smooth functions defined in Q x [0, 77,
so that the nonhomogeneous problem can be reduced to a homogeneous one in the
unknowns u; = u; — @) and 4; = u;, ¢ = 2,3, and then the previous Theorem 1.5 can
be applied. More precisely, we can set

Q1(7t> :/\/z%(vt)a OStSTa
where N is an operator which belongs to L(C?(99), C*+1(Q)) for every 6 € [0, 1] (for
6 € [0,1+ a] if 9 is uniformly C*** 0 < a < 1) such that
Bi(Nif)oa = f,  VfeC(09Q).

Then the following theorem holds (see [6] for further details of the proof).
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Theorem 1.7 Suppose that S is uniformly C** for some a € (0,1), that (8) holds
and that q; € C*([0,T]; C'T*(99Q)). The following statements hold:

(i) if uig € C(2), fori =1,2,3, then (1) has a unique maximal classical solution
u continuous in Q x [0,T'[, with u differentiable with respect to t in Qx]0,T'[ and
up(-,t) € W2P(Q) for everyp>1and 0 <t <T' < T;

(ii) if uro € Nysy WHP(Q), Biuro(z) = qi(z,0) for x € 0Q, ugg,uzo € C(Q)
and Liurg € C(R), then u is a mazimal strict solution of (1), i.e. (u;):, Liug €
C(Qx [0,T']), fori=1,2,3;

(iii) if urg € Nysy W?P(Q), Biuio(z) = qi(x,0) for x € 09, usg,uzp € C(Q)
and —Lyu o+ g1(+,0,u9) € C**(Q), for some o € (0,1/2), or —Lyu1 + g1(-,0,10) €
C?*(Q) and Bi(—Liu1o + g1(-,0,19)) = 9sqi(+,0) on 99, for some a € (1/2,1), then
Oy belongs to C* (2 x [0,b]), Ajuy belongs to C%(Q x [0,b]), for every b < T'.

2 Galerkin approximation

Let us now introduce the Galerkin semidiscretization of system (1). The convergence
of such method is studied according to the smoothness of the solution of (1) and to
the approximation properties of the finite dimensional spaces V}, used.

Let’s indicate by A®(.,.) the bilinear form associated to the operator L;

- - i) Ow Ov
@) =) a § :b() d
A (w7 U) /Q L’k_l 7k axk 8I] fii + CL wU xZ.

We can suppose without restriction that the bilinear forms A®(.,.) are continuous

and coercive in H'(Q), i.e. there exist some constants ¥ > 0 such that
AD (v > Do) Yo e HY(Q). (10)

Let us consider again the case ny = 1 and ny, = 2, leaving to the reader the
extension to the general case. Suppose that the data are such that (1) has a unique
bounded soluton u = (uy,us,u3)”, which is sufficiently smooth for all our purposes.
Therefore, under the hypothesis specified in Section 1, let us consider the following

weak formulation of problem (1)
find u; € L*(0,T; H'(Q)) N C°([0,T); L*(2)), ug,us € C°([0,T]; L*(Q))
with supessq,jo r(|ui| < 0o, i =1,2,3 such that

6



%(ul <t>’ 90)—'_"4(1)(“1 (t)v 90) = (gl (ZE, t,uy (t>7 UQ(t)’ u3(t))7 90)+(q1<t)7 @)397 VQO € HI(Q)
L (w(0).6) = (ot (0, wa(O) w0),0). V6 € LHQ) 1= 2,3
u;i(0) = u;, ©1=1,2,3. (11)

Let us define the Galerkin semidiscretization of (1). Fix the families of subspaces
{Vii}nso of HY(Q) and {W},}n~0 of L*(Q2), with finite dimension N, and define the

Galerkin semidiscrete problem

find uy :]0, T[— Vi, ug,us :]0, T[— Wy, s. t. Yo, € V, Vb, € W),

%(ul,h(t>7 on) + A (u (), 0n) = (g1 (2, t, urpn (), ugn (), us i (1)), on) + (qu(t), on)oq,
%(Uz',h(t),wh) = (gi(z, t,ur pn (), uap(t), usp(t)), vn), =23

ui,h(o) = U;,0,h, 1= 17 27 37 (12)

where w10, € V), and u;0p € Wi, for i = 2,3, are suitable approximations of the
initial data.

In this section we study the properties of the semidiscrete system (12). The proof
of the convergence of the semidiscrete solution to u in the presence of locally Lipschitz
continuous nonlinear terms needs some L* estimates on the semidiscrete solution to
be provided, in order to assure it doesn’t blow up. Therefore, we first analyse the
case of globally Lipschitz continuous reaction terms. It must be noted that, in both
cases, the obtained results are independent of the particular choice of the spaces V},
and W), since they are based only on the smoothness of the solution u and on the
approximation properties of such spaces.

Let us now consider the case of functions g;, © = 1, 2, 3, globally Lipschitz continu-
ous with respect to the variable u, i.e. we suppose there exist some constants K; > 0
such that

lgi(@,tu) — gi(z,t, w)| S Kilu—wly  VuweR, 2€Q, t€[0,T].  (13)

In this case, the global Lipschitz continuity of g; yields the global Lipschitz continuity
of the right hand side of system (12) and hence, by standard existence theorems for
these systems, the semidiscrete solution is globally defined. Let us indicate by u;, =
(w1 p, Uz pyuzp)” the unique solution of (12); note that the solution u = (uy, ug, uz)”
of (1) is also solution to (11).



In the following we suppose that the family {V},} satisfies the approximation prop-
erty

lim inf sup b ||o(t) — pn(D)|l; =0 Vo € L=(0,T; H(Q)), 14
A stz b e ®) = en(Dl o € L @), (4)

where j = 0, 1; while for the family {WW,} the following property holds

lim inf su 1) — Dlo=0 Voes. s
h—0 1, €L>(0,T;Wp,) [OJP] 1(t) = ¢n(®)llo Y (15)

where S := L>(0,T; L*(Q)) N {f : f(t) € C(Q) ae. t € [0,T]}. We state, without
proof [6], the following

Lemma 2.1 Let {W,} be a family of subspaces of L*(Q) satisfying (15). For every
w e C[0,T); L*()) we have

lim inf su w(t) — wy(t = 0.
h—0 wy, € L>(0,1;W}) [077% lw(?) (o

We have the following convergence result in the L?-norm.

Theorem 2.2 Suppose that g;, i = 1,2,3, satisfies the condition (13) and that the
solution of (11) is such that uy € C°([0,T]; L*(Q)) N W1(0,T; H*(Q)) and us,uz €
CH[0,T); L3(2)). If the families {V},} and {W}} satisfy (14) and (15) respectively,
then the solution of (12) exists fort < T and converges in the L*-norm to the solution

u of (11).

The analysis of the error between u, and u can be accomplished comparing the
Galerkin solution uy ,(t) to the elliptic projection Wy(t) of the solution wu,(t) of (11)
onto V4, defined for a.e. ¢t €]0, 7] by

AV Wi (), on) = AD(ui(t), p) Von € Vi (16)

As it is well known, the error py(t) = uy(t) — Wy (¢) satisfies for ¢t < T and for some
C>0
lpr(®)llo < Chinf Juy(t) — g1 (17)
$h€VR
The rest of the error in vy, is then 0;(t) = uy 4 (t) — Wi(t) € Vi,
In the following C' will denote constants, not necessarily the same at different

occurrences, which are independent of A and the functions involved. Similarly, ¢ will
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denote constants which are independent of h but which may depend on the solution

u(t) of (11). We shall assume that the initial values are chosen in such a way that
w00 — Wi(0)]lo < ch¥, |luzon — usollo < ch*, |luson — usollo < ch*, (18)

for some p, 1 > 0, where Wi (t) is defined by (16).

Proof. Let us subtract (11) from (12), for fixed ¢. Taking into account (16), setting
¢ = ¢, = 01(t) and using Cauchy-Schwarz’s inequality, the coerciveness of AW,
Lipschitz condition for g; and Young’s inequality ab < %a2 + %bQ, we obtain for a.e.
t<T

K? K?

1
- 10al5 + - 1Usl5,

K2
5 ZIOIE < SNl + 505+ KDIIE + S ol +

where Us(t) = ugp(t) — ua(t) and Us(t) = ugp(t) — u3(t) for t € [O,T}. Since

time differentiation commutes with elliptic projection, by (17) we have [[(p1)¢llo <

||91

Chinf,, ey, ||(u1):(t) — @nll1; hence
1d
2 dt

where C; = (5+ K2)/2 >0, Cy = K2/2 > 0, C5 = C,C?, Cy = C?/2 and ¢y, @), are

arbitrary elements of Vj,.

— 161115 < C1ll6: 1[5+ Co||Usf§ + Col|Us |5 + Csh®|lur — en |} + Cab®|| (wr)e — @nllT, (19)

Now, let us consider the first ordinary differential equation, in its weak form; we

have for t < T

((U2)e(t),¥n) = (g2(z, t, urpn, usp, usp) — gol@, t,ur, ug, us), ¥p) Vb, € W, (20)

Set Yy, = ug p(t) — wy, € Wy, where wy, is an arbitrary element of W,. As before, this
yields
1d
2dt
with C5 = 2 + K3. Moreover, choosing (us); — ¢ € Wy in (20), where ¢y, is an

— 0I5 < C5)| U215+ ||<U2) 6+ IIUQ—wh|I3+K§||91||3+K§IIP1II?>+K§||U3II3, (21)

arbitrary element of W, we have for every ¢ €]0, T'[
1(T2):ellg < [[(u2)e = @l + Coll61]15 + Collprllo + Coll U215 + CollUs]lG,

where Cs = 10K3. The last inequality can be combined with (21) yielding for ¢t < T

1d 1

57 1021l < S (u2)e = dullg + —HU2 wi 5+ C51Ualla + Cellrlla + Cellp 15 + Cel1Usl,

(22)



for suitable constants Cf e Cg.
Similarly, the second ordinary differential equation yields the inequality

1d
2 dt

1 ~ 2. B §
1Tsllg < 5l (us)e = nlls + 5 llua = @allg + CrllUsll + CallO1lls + Csllonllg + CEII T I,

(23)
for ¢, w arbitrary elements of W}, and for suitable constants C4, Cg > 0.
Now, we sum up (19), (22) and (23) and integrate over [0,t], t < T'; using (17), for

a suitable constant C' we get

10115 + 1U2(0)][5 + 1Us(B)I5 < 161 (0)1I + 1020115 + 1Us(0) ]I+
+/0 [11(u2)e(s) = @n 1545 uz(s) —wnl[5+ | ()i (5)—dnllo+5llus (s) —wn l[§+Ch? ur (s) —n |1+

+Ch?||(u1)e(s) — @l T]ds + C/O (101 (s)I15 + 1U2(5)1[5 + 1Us(5)1[5) ds,

where o, @, € L=(0,T;V;) and ¢y, ¢p, wp, wy, € L®(0,T; W),,) are arbitrary elements.
Gronwall’s lemma yields Vi < T

10:)15 + 120115 + U315 < (161 (0)1I5 + 1U20)115 + 1Us(0) 5+

+/0 (1(u2)e(s) = Sn () 1545 lluz(s) —wn(s) o+ 11 (us)e(s) = En () 15+ 5 us(s) —wn(s) 5+
+Ch?[|ur(s) — n(s)lIF + CR|[(ur)e(s) — Gu(s)II7) ds)e,

and hence
s () — u(t)[15 < 2[16:(0)[I5 + [T2(0)[[5 + |U3(0) |3+

T
+/0 (Il(u2)e(s) = @n(s)llo +5lluz(s) —wn(s)llo+ | (us)e(s) — dn(s) 15+ 5lus(s) —wn(s) 5+
+OR?[[ur () — en(s)[I} + CP?[[(wa)(s) — @n(s)7) ds]e”" +2Cn? nf Jlua(t) = wnlli.
(24)
The arbitrariness of the test functions implies

s () — w15 < 2“7 102(0)1[5 + 1T2(0) 13 + |U5(0) I3+

+T inf su Ug )y — 24+ 5T inf sup ||ugy — wp ||+
¢heLw<o,T;Wh>[0£”< 2)t — dnllo wheLw(07T;Wh)[O’7{J]II 5 — wilg

+7  inf sup ||(uz)e — ¢nllg + 5T inf sup |lus — w3+
PnEL®(0,TWy) [0,T] €L (0.T:Wh) [0,1]

10



+CTh? inf sup ||u; — 2 1L OTh? inf sup l(wr), — 35 1121+
wheL""(O,T;Vh)[o,zP]H vl szheLoo(o,T;vh)[o,qP]W Ve = all]

+2CK2 inf |jur(t) — enll,
Ph€VR

and, from (14),(15), (18) and from Lemma 2.1, we have the convergence as h — 0. [J

In order to have an optimal error estimate in L2-norm, we have to introduce further
assumptions on the spaces Vj, and W), and hypothesis on the spatial smoothness of

the solution.

Definition 2.3 A family of spaces {X} is said to be of class Sy, (with k < p) if
X, € H¥(Q) and there exists a constant C > 0 such that

k
Yw € H*(Q), inf W ||lw —wy|; < Ch*||w],.

whrEX,
hEXh e

Since we are dealing with a second order partial differential system coupled with
ordinary differential equations, in the sequel we shall assume that {V}} is of class Sy,
(> 2) and {Wy} is of class Sp v (1/ > 1).

We have the following convergence result

Theorem 2.4 Suppose that g;, i = 1,2, 3, satisfies the Lipschitz condition (13), that
the family {Vi,} is of class Si, (1 > 2) and {W}} of class So,» (1 > 1) and that
(18) holds. Assume that the solution u is such that uy € H'(0,T; H*(Q)) and us,us €
HY(0,T; H" (). Then we have the following error estimate

[uy, — ullg < ch™™eer) e [0, T,
where ¢ depends on the constants K; and on the solution u.

Proof. The thesis follows easily from the error estimate (24) and from the assumptions
on the spaces V}, and W),. J

Let us move to the case of locally Lipschitz continuous functions g;. In this case the
proof of the convergence needs further assumptions on the families {V,,} and {W}},
since in general local Lipschitz continuity of the g;’s does not guarantee global existence
of the solution to (12) either and therefore we have to provide estimates which assure

that the semidiscrete solution does not blow up. The idea of the proof was used by
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Thomee [7] for general semilinear equations of parabolic type and extends to a system
of the form (1) what proved in [5].
In the sequel we will assume that the families {V},} and {W},} are of class S, and

Sy, respectively and satisfy the following inverse inequality
[onlloo < C1h™"|[@nllo Yon € Vi, h < hy,  for some v and hy, (25)

9nloe < Coh™ |[Ynllo Vibn € Wi, h < hy, for some v/ and hy. (26)

We start by observing that, for fixed h, system (12) has a unique local solution in
[0, T}], for some T), < T. In the analysis developed below, we shall show that, under
suitable assumptions on {V},} and {W}} and for h sufficiently small, T}, can be taken
to be equal to T'. Hence, global solvability of system (12) follows. This can be achieved
by providing an estimate of the error u, — u in the L*-norm, which allows to derive
boundedness of the semidiscrete solution u,. Therefore, assume that the following
approximation properties hold

limsup inf {||w(t) —wpl|lec + A7 ||w(t) —wr|lo} =0 Vw e L>®(0,T; H*(2)), (27)
h—0 [0,7) whrEVR

lim sup inf {Hw(t)—wh||oo+h_”/\|w(t)—wh||o} =0 VYwe L>*(0,T; H”/(Q)), (28)
h—0 [O,T] wp €W,

for some v, ' > 0. Let us indicate by uy, = (uy s, U2, us ) the unique maximal local
solution of (12). Moreover, let ¥ be the range of the solution u. Let us fix § > 0
sufficiently large as to include the initial datum ugp = (w105, 2,01, Usop) in a closed
neighborhood X5 of ¥ and let K; > 0 be constants such that the Lipschitz condition
(8) holds in Xj.

Heuristically we might argue that, since the approximate solution uy is always
going to be close to u, it belongs to >s. In order to show that this is the case, we have
to provide maximum norm estimates for the approximation error, since closeness in
the sense of L2 or H' does not automatically imply that u; belongs to ¥ for small h.

Now we state the main theorem of this section

Theorem 2.5 Assume that g;, i = 1,2,3, satisfies the Lipschitz condition (8). Let
{Va} be of class Si, (> 2) and {Wy} of class Siw (1 > 2) and suppose that
(25), (26), (27) and (28) hold for some v,v', with v < pu and v' < u'. Then, if
condition (18) holds and the solution u is such that uy € H*(0,T; H*(Q)) and uz,us €
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HY(0,T; H" (), there exists an hy such that, for h < hg, the solution uy; of (12)
exists for t <T, and for these t we have

lu, —ullp < ¢ proin(up’)

Proof. Let t" be the largest number less than or equal to 7' such that uy exists and
belongs to X5 for t < th ie. th =sup{s < T : u,(t) € X5 Vt < s}.
Similarly to Theorem 2.2, we get the estimate (24) for ¢t < t" and, taken into

account the assumptions on Vj, and W) and the smoothness of u, we have
1 Curn(t), uz(t), us (1) = (wa(t), uz(t), us(t)llo < eh”, fi=min(u, 1).  (29)
Moreover, for ¢ < t", we have
[un = ulloe < flurn = walloe + [luzn = uzlloo + lusn — uslle (30)

Let us consider the first term in the right hand side of (30). Let wj, be an arbitrary

element of Vj,; from (25), it follows
lurn = willoo < fJurn — wallos + lwn — urfloo < CR7"[lurp — wallo + [lwn — wifloo <

< ChiVHuLh — U1H0 + Ch*”Hwh — Ul”o -+ H’LUh — U1HOO
<ch* v+ C uél‘?/ {h7Y||ur(t) — wpllo + Jui(t) — wpl||ec} < §/6 h < hq,
Wh h

since v < p and (27) holds. Similar results can be found for the other two terms in
(30). Therefore

VE<t' |lup(t) —ut)]|e < 6/2, h < hyg (31)

where hq is sufficiently small and independent of t". Hence we may conclude by
continuity that t" cannot be smaller than T, that is " = T for h < hg and, by (29),

lun(t) —u(t)ljo < ch” Vt<T.0O

Remark 2.6 In particular, estimate (31) yields the boundedness of the semidiscrete

solution uy,.
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